A multi-objective fixed charge problem in existence of several fractional objective functions with triangular fuzzy parameters is considered in this study. The problem previously has been tackled only by Upmanyu and Saxena [1] with a method containing wrong mathematical concepts (see the commentary of Kaur and Kumar [2]). To overcome the shortcomings of the literature, an effective solution approach based on a typical goal programming approach is proposed to solve the problem for obtaining a Paretooptimal solution. The proposed approach considers the shortcomings of the method of Upmanyu and Saxena [1] and applies no ranking function of fuzzy numbers. In addition, the goal programming stage considers no preference from decision maker. The computational experiments provided by an example of the literature, prove the effectiveness of the proposed approach.
Introduction
The fixed charge problem first was introduced by [3] . The problem is a typical mixed integer programming problem where there are some fixed charge values for the variables which take positive value in a given feasible solution. As the fixed charges are used in the objective function of the fixed charge problem, the problem has high degree of non-linearity that should be linearized using additional constraints. According to the wide range applications of the fixed charge problem in business and engineering fields, the fixed charge may have different interpretations and measures. For example in the field of facility planning problems, the fixed charge can be defined as establishing cost of a facility, in the field of transportation problems the fixed charge may be the fixed cost of sending an amount of product between two nodes, in the field of scheduling problems, set up times can be considered for the fixed charges.
As the fixed charge problem is an interesting problem in the field of optimization, it has been tackled by many researchers using different approaches. Steinberg [4] solved some small-sized instances of the problem by a branch and bound algorithm exactly. In some other studies like [5, 6, 7] , the approximation based methods has been of interest to solve the fixed charge problem. The problem consists of a minimization concave objective function over a convex set of feasible solution area. Therefore, in more recent studies the fixed charge problem is considered as fixed charge transportation problem and the solution approaches consisting of finding the extreme points and ranking their objective function values in order to find the global optimal solution are considered for them (see [8] ). Notably, in such solution approaches in the case of non-degenerated problems, any extreme point would be a local optimal solution. As recent applications of the fixed charge problem containing both concepts of fixed and variable costs were used in the network flow problems by [9] and in the facility location problems by [10] (see also [11, 12] ). Furthermore, Arora [13] introduced a systematic approach that finds an exact solution for the fixed charge problem. For more researches on fixed charge based problems, the studies [14, 15, 16] can be referred.
On the other hand, the fixed charge problem becomes more difficult in the case of considering a fractional objective function. In linear programming, considering a fractional objective function, turns it to a nonlinear form (see [17, 18] ). In such cases the problem becomes more difficult to be solved exactly. As an example of fractional objective function, the objective function obtaining from dividing unit based benefit by unit based investment can be mentioned which is applicable in economical environments. Turning back to the fixed charge problems, Almogy [19] introduced the fixed charge problem with fractional objective function that may have many applications such as measuring any economic criteria by a fraction. The study considered the ship routing problem and maximized the profit gained in a unit of time in a route. For more researches on the problems with fractional objective function, the studies [20, 21] can be referred.
This study focuses on a typical version of the fractional fixed charge problem. A fixed charge problem with several fractional objective functions where each objective function includes triangular fuzzy parameters, is to be solved. The problem is named fuzzy multi-objective fractional fixed charge problem (FMFFCP). The FMFFCP has been previously tackled by [1] using a fuzzy ranking based method which contains wrong mathematical concepts. The shortcoming and errors of the method of [1] has been discussed in a commentary written by Kaur and Kumar [2] . Therefore, no serious study have been performed on the FMFFCP. Contribution of this study is to solve the FMFFCP by a goal programming approach which uses no ranking function of fuzzy numbers. The approach applies a linearization technique for each objective function separately to find its related goal, then a typical goal programming approach is used to find a Pareto-optimal solution for the FMFFCP. Finally, the performance of the proposed approach is evaluated by a numerical example taken from [1] .
Remainder of the paper is organized by five sections. Section 2, describes some basic definitions and concepts of fuzzy theory and optimization theory. Section 3, introduces the FMFFCP, analyzes its formulation and deals with its non-linearity. Section 4, organizes the goal programming based solution approach proposed for the FMFFCP. Section 6, contains an illustrative numerical example from the literature to analyze the performance of the proposed solution approach provided by Section 4. Finally, the paper is ended by remarking some conclusions in Section 6.
Basic concepts
Some basic definitions from fuzzy theory which will be applied later in this paper are explained in this sub-section. be two non-negative triangular fuzzy numbers, then, the following fuzzy operators are defined: , , Z Z Z Z  is a triangular fuzzy objective function being calculated from triangular fuzzy parameters or variables, according to the concept of component-wise optimization (see also [23] ) the following optimization problem,
is equivalent to the following multi-objective optimization problem. ii Z Z i  with at least one strict inequality.
Fuzzy multi-objective fractional fixed charge problem (FMFFCP)
As mentioned by [1] , the fuzzy multi-objective fractional fixed charge problem (FMFFCP) is formulated as follow,
where, p is the number of objective functions, where, each of them is defined as below,   f is of a step function (see [24, 25, 26] ) with l steps defined as below,
In the above step functions, rjk  and rjk  are binary variables defined as follow, Considering the equations (5)- (9), the FMFFCP formulated by (4) , is reformulated by the model (10)- (15) where the set of constraints (12)- (14) is equivalent to the set of constraints (8)- (9).
subject to
Where,
In the next section of the paper, an effective solution approach is proposed to solve the model (10)- (15) to obtain a Pareto-optimal solution.
Proposed solution approach
The FMFFCP formulated by the model (10)- (15) is solved in this section. Before starting to explain the methodology of the proposed approach, having a look on the only previous study focusing on the FMFFCP is necessary. As mentioned earlier Upmanyu and Saxena [1] proposed an approach to solve the FMFFCP. In their proposed approach a critical error exists that affects all steps of the approach and in most of cases will give a wrong solution. In summary, the approach applies a fuzzy ranking function in absolutely wrong way. The details of the errors of the approach can be found in a commentary written by Kaur and Kumar [2] . Therefore to tackle the FMFFCP in an effective way for obtaining a good Paretooptimal solution, a goal programming based solution approach is proposed in this section.
The FMFFCP formulated by the model (10)-(15) has two core difficulties to be solved, (1) its multiobjective nature, (2) its non-linear nature arisen from the fractional multi-objective functions. To overcome these difficulties, a solution approach is proposed and detailed here. The proposed approach is explained in the following steps.
Step 1. As the objective functions of the FMFFCP contain triangular fuzzy parameters, those are expanded as below,
, , 
that is more expanded as, 
Now, based on the division operation of fuzzy numbers, the equation (18) is converted to the following triangular fuzzy value,
In summary, the objective function (16) is converted to the objective function (19).
Step 2. Using the concept of component-wise optimization (explained in Section 2), the FMFFCP is reformulated as the following multi-objective problem,   
The formulation (20)-(27) contains 3 p objective functions as there are originally p triangular fuzzy objective functions in the FMFFCP, and according to the procedure of this step, each one is converted to three objective functions.
Step 3. Obtain a goal for each objective function of the formulation (20)- (27) (23)- (27) n n l
For obtaining the goals, as there are 3 p objective functions in the multi-objective model of Step 2, in this step 3 p goals should be obtained. So that, 3 p individual models should be solved which are summarized in the models (28)- (30) . It is notable that, when any of the models (28)- (30) is solved for a given objective function say r , the constraint sets (23)- (27) (28)- (30) is a crisp formulation with fractional objective function. The fractional objective function can be linearized by the help of the method introduced by Charnes and Cooper [27] . To show this linearization procedure, as an example the model (28) is linearized here, therefore, the others will follow a similar procedure.
To linearize model (28) , first the conversion (23), (27) , and linearized form of the constraints (24) and (25) 
The model (32)- (46) is a linearized version of the model (28), where, the constraints (37)- (40) is equivalent to the term (28)- (30) are linearized by the same way.
Step 4. After obtaining the goal of each objective function, we go back to solve the model (10)- (15) . As, the model (10)- (15) was reformulated to the model (20)- (27), we introduce an effective goal programming approach for solving the reformulated model (for more about goal programming see [28, 29, 30, 31, 32] ). So, considering the goals of each objective function obtained in Step 3, the model (20)- (27) is converted to the following non-linear formulation, 
As a result of the relation (77), x is not a Pareto-optimal solution for the problem (71). This claim is in contradiction with the initial assumption ( x is a Pareto-optimal solution for the problem (10)- (15)). Therefore, the optimal value of the problem (71) must be zero. □
An illustrative example
To study the performance of the proposed solution approach detailed by the steps 1-4, an example of the FMFFCP from the study of Upmanyu and Saxena [1] 
